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If the forces had been /</(r) and jaF(t') we could get the form of the curve 
by integrating 

/(r)+iV)^=0. 

76. Proposed by JAMES F. LA WHENCE, Classioal Sophomore, Drury College, Springfield, Ho. 

An inclined plane of mass M is capable of moving freely on a smooth hor- 
izontal plane. A perfectly rough sphere of mass m is placed on its inclined face 
and rolls down under the action of gravity. If x' be the horizontal space advanc- 
ed by the incline plane, x the part of the plane rolled over by the sphere, prove 
that (JH -\-m)x'=mxcosa, ^x—x'cosa^^gt^siaa, where a is the inclination of the 
plane. [From Routh's Elemefitary Rigid Dynamics, page 126.] 

I. Solution by WILLIAM HOOVES, A. M„ Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 

Let .iFWriction of the sphere and plane, .R=their mutual reaction, 0=the 
angle through which the sphere has rotated from the beginning of motion, 2/--the 
vertical distance of the center of the sphere from the horizontal plane, *j=the 
corresponding abscissa, h and kthe initial values of a; and y, respectively, and a= 
the radius of the sphere. 

For the motion of the sphere, resolving horizontally and vertically, and 
taking moments about the center of the sphere, 

d 2 x d 2 v 
to — — - ==Fcosa— .Rsina (1), m -~-==:Fama-t-Rcosa — mg (2), 

*ma*-^L=aF (3). 

For the horizontal motion of the plane, 

d*x' 
M—rr2- ——Fcosi*+R$mot (4). 

Also, x % ±=h-\-x' —aOcosa (5), y—k— aOsina (6). 

d 2 x d s 
From (5) and (1), to—j-^ macosa— y-^-=Fcoaa— .Rsina (7); 

d i o 
and from (6) and (2), — wasinar-j-j— =Fsin«+JKcos« — mg (8). 

Eliminating F and R from (3), (7) and (8), 

d % x' d*0 
mcosa , —%ma—j-^ m^sina (9). 

dx 2 do 

Integrating (9), noticing that when t=0, , =0, y,-=0, and x'=0, 0=0, 
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mco8a.x'=%maO— ^mgshya.t 2 (10). 

Again, eliminating F and R from (1) and (4), 

dH< , ,, dV . , 11s _,, ... d*x, d*0 

m-^-+ M -^-=0. . .(11). But from (5), m-j^-=—nia cosa-^-. . .(12). 

(11)— (12) gives maO= ( - M + m ^> x ' (13).. 

„„, . ,„.. . , 5m8inaco8« gt* .... 

(13) in (10) gives %= „, ,, , — - = s--tt (14). 

' ' 6 7(Af+m) — 5mcos 8 a 2 

..... ,. ON - a 5(iW+m)sinof 

(14) ,n (13) gl ves a» ^^.j,,,,,, . (15)- 

Since x=aO, %x— x'co$a=\gt l $ma . .(16), and (13) is (Jf-(-m)a;'=7na;cos«. .(17). 

II. Solution by ALFRED HUME, C. E., D. So., Professor of Mathematics, Univeriity of Mississippi, P. 0., 
University, Miss. 

The horizontal component of the mutual action between the sphere and 
the inclined plane imparts to M the acceleration 2x'/t 2 and to m the acceleration 

— — -. The forces producing these opposite motions being equal, 

.fix' 2(xcos«— x') 

M -w= m «i — -• 

From this (M -\-m)x'=mxcosa (1). 

The principal of vis viva gives 

. . „, 4x' 2 , 4(xcosa—x')* . 4x 2 sin 2 « , , , / d0\* 
2mgxsiiia=M— i — \-m '-+m, - % +mk* l-^-J 

in which the first member is twice the work done by gravity, the first term of 
the second member has reference to the plane, the second term to the horizontal 
motion of the sphere, the third to its vertical motion, and the last to its rotation, 
do/dt being its angular velocity, and k % its radius of gyration about a diameter. 

The motion of the sphere down the plane being one of pure rolling, a(dO/dt) 
=2x/t. (a=radius of sphere). 

Substitute 2x/at for do/dt, and |a a for k 2 , and reduce, obtaining 

\mgt 2 xsma—(M -\-m)x' i +£wix 2 — 2«?xx'eos«. 
Using (1), this reduces to |#t 2 sina— £x — x'cosor. 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and CHARLES E. MYERS, Canton, 0. 

Take A as origin. Let (fc, I), (y, z) be the coodinates of the center of the 
sphere when t=0 and when t=t, respectively, R, the reaction of the plane, P, 
the friction, o, the radius of the sphere, Z.DOE=H. Then AA'--x' and aff-—x. 

For the sphere the equations of motion are 

fma s (d 2 6i/de2)r=aP (1). m(d i y/dt i )=Pcosa-Rsma (2). 

m{.d 2 z/dt i )=Psina-\-Rcosa— mg (3). 

For the plane, M^x /dt*)=— Pcosa+flsina (4). 

By geometry, y=h-\-x — aticosa, z—l—a8ama (5, 6). 

From (5) and (6) we get d*y/dt*=d a x'/dt*-acosa(d !! f>/dt*) (7). 

d*z/dt* =-asina(d 8 0/<ft 2 ) (8). 

(7)cosa+(8)sina gives 

cosa(,d 2 y/dt*)+sma(dH/dt i )=cosa(d i x'/dt !! )-a(.d*(t/dt i ) (9). 

(2)cosa+(3)sina gives mco8<i(d 2 y/dt 2 )+msma(.d 2 x/dt 2 )=P— mgBma (10), 

From (9) and (10), mcosa^x' /dt^-maid^O/dt^^P—rngsma (11). 

(2)+(4) gives m{d*y/dt*)+M(d*x'/dt*)=0 (12). 

From (12) and (7) we get (M+m)(d 1 x'/dt i =macosa(d i tt/dt i ) (13). 

The value of P from (1) in (11) gives 

ia(d*8/dt*)— cosa(d i x'/dt i )=gsina (14). 

Integrating (13) and (14) and remembering that when t=0, x~0 and #=0 
we get 

(M-\-m)x'=ma0cosa or (M-\-m)x' =rnxcosa, 

%a&—x'cosa=lgtsina or \xr— re'cosa— |grt 8 sina. 



DIOPHANTINE ANALYSIS. 

71. Proposed by A. H. BELL, Hillsboro, 111. 
Find five numbers such that the product of any two plus 1 will equal a square. 

I. Solution by CHARLES C. CROSS, Libertytown, Md. 

On page 301, Vol. V, of Monthly I found four general numbers to be : 
m, n 2 — l+(w— l)(n— l) 8 , n(mn-\-2), and 4m(mn 8 — mn-\-2n— l) 2 +4(mn iS — mn-\- 
2n-l). 

If we take to and to for the first two numbers, then m.m-\-l=n=y i (s&y) 
=(2/-8) 2 =3/ 8 -2«y+s 2 . 

.-. 2/=U* + l)/23 ; whence m=(s 8 — l)/2s. 

Lets=2, then m=f. Taken=2 and the numbers are f, |, Jj>-, 7, and ^-. 



